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Theoretical models of the (d, p) reaction are exploited for both nuclear astrophysics and spectro-
scopic studies in nuclear physics. Usually, these reaction models use local optical model potentials
to describe the nucleon- and deuteron-target interactions. Within such a framework the importance
of the deuteron D-state in low-energy reactions is normally associated with spin observables and
tensor polarization effects - with very minimal influence on differential cross sections. In contrast,
recent work that includes the inherent nonlocality of the nucleon optical model potentials in the
Johnson-Tandy adiabatic-model description of the (d, p) transition amplitude, which accounts for
deuteron break-up effects, shows sensitivity of the reaction to the large n-p relative momentum
content of the deuteron wave function. The dominance of the deuteron D-state component at such
high momenta leads to significant sensitivity of calculated (d, p) cross sections and deduced spec-
troscopic factors to the choice of deuteron wave function [Phys. Rev. Lett. 117, 162502 (2016)].
We present details of the Johnson-Tandy adiabatic model of the (d, p) transfer reaction generalized
to include the deuteron D-state in the presence of nonlocal nucleon-target interactions. We present
exact calculations in this model and compare these to approximate (leading-order) solutions. The
latter, approximate solutions can be interpreted in terms of local optical potentials, but evaluated
at a shifted value of the energy in the nucleon-target system. This energy shift is increased when
including the D-state contribution. We also study the expected dependence of the D-state effects
on the separation energy and orbital angular momentum of the transferred nucleon. Their influence
on the spectroscopic information extracted from (d, p) reactions is quantified for a particular case
of astrophysical significance.
I. INTRODUCTION
A primary interest in (d, p) reactions, especially those
studied at modern radioactive beam facilities, is their
ability to reveal single-particle spectra of rare isotopes
and to determine the angular momentum content and
spectroscopic strength of single-particle states near their
Fermi-surfaces. This information is crucial also in nu-
clear astrophysics applications. These angular momenta
and associated spectroscopic strengths are deduced from
comparisons of the measured cross sections with theoret-
ical predictions. Differences between theoretical models
of the reaction thus impact the interpretation of experi-
mental data and studies of the sensitivities of calculations
to model assumptions are vital.
Necessary inputs to direct reaction models of the
A(d, p)B transfer process, such as the distorted-
waves Born approximation (DWBA) [1] and adiabatic
distorted-waves approximation (ADWA) [2] methods, are
complex effective interactions (optical potentials) be-
tween the reactants in the entrance (d − A) and exit
(p − B) channels. Feshbach theory clarifies that these
interactions should be both complex and nonlocal, aris-
ing from the many-body nature of the nuclei A and B and
the effects of inelastic channel couplings upon the elastic
channel wave functions [3]. Within the DWBA, taking
account of nonlocalities of the Perey-Buck type [4] results
in a multiplication of the entrance and exit channel dis-
torted waves by a Perey factor [5]. However, the DWBA
neglects important contributions due to transfer from the
deuteron breakup continuum that require a consideration
of the nucleon-target degrees of freedom in the entrance
channel. These deuteron breakup effects are treated effi-
ciently in the ADWA method [2], that develops the d−A
effective potential from those of the n−A and p−A sys-
tems. Until very recently, these n−A and p−A optical
potentials used to describe the n+ p+A entrance chan-
nel were assumed to be local. In the ADWA, nonlocality
in the proton (exit) channel can be included in the same
manner as in the DWBA. This proton channel nonlocal-
ity has been treated exactly in recent calculations [6, 7].
However, constructing the d−A effective potentials when
including nonlocal nucleon-target (N −A) potentials re-
quired additional formal developments, as presented only
relatively recently [8–11]. In addition, earlier work that
included N − A nonlocalities using Faddeev framework
three-body calculations showed an improved description
of (d, p) reaction cross sections on a range of closed-shell
targets [12].
It was shown in Refs. [8, 9] that including nonlo-
cal p − A and n − A potentials in the adiabatic model
of the A(d, p)B reaction generates a nonlocal adiabatic
d − A potential. This model could be further reduced,
to a local one, in a similar way to that originally intro-
duced by Perey and Buck [4]. This revised local adi-
abatic potential U locdA is different to that which is usu-
ally constructed in the ADWA method, that uses energy-
dependent phenomenological local nucleon optical poten-
tials and then evaluates these at half the energy of the
incident deuteron, Ed. Instead, Refs. [8, 9] show, for
Z = N targets, that U locdA should be constructed from
nucleon optical potentials evaluated at a shifted energy
E = Ed/2 + ∆E. The required shift, ∆E, is related to
the value of 〈Tnp〉V , a measure of the n − p relative ki-
2netic energy Tnp in the deuteron ground-state φ0 inside
the range of the n − p interaction, Vnp, that binds the
deuteron. Specifically, this value is
〈Tnp〉V =
〈φ0|VnpTnp|φ0〉
〈φ0|Vnp|φ0〉 ≡ 〈φ1|Tnp|φ0〉, (1)
where we have defined
|φ1〉 = Vnp|φ0〉/〈φ0|Vnp|φ0〉. (2)
Given the short-range nature of the nucleon-nucleon
(NN) interaction and φ1, a major contribution to 〈Tnp〉V
arises from high n− p relative momenta.
In Ref. [9], values of 〈Tnp〉V and ∆E were obtained as-
suming the S-state wave function of the purely attractive,
phenomenological central NN interaction of Hulthe´n [13],
whereas realistic deuteron wave functions have a mod-
est D-state component with probability PD ≈ 4 − 7%.
Though modest, this D-state component can dominate
the wave function at high n − p momenta with impor-
tant implications for calculations of U locdA and (d, p) cross
sections. The intrinsic nonlocality of optical potentials
thus presents a distinct and novel source of D-state and
n− p momentum sensitivity of cross sections for such re-
actions. This is in contrast with previousD-state studies,
e.g. [14, 15], that focused on the effects of the D-state
component of the reaction vertex Vnp|φ0〉 in the DWBA
amplitude. The conclusions there, for low energy reac-
tions, are that DWBA cross sections and vector analysing
powers are insensitive to the deuteron D-state, the pri-
mary sensitivity being on the tensor polarization observ-
ables.
In this paper we develop exact adiabatic model (d, p)
reaction calculations that use energy-independent non-
local nucleon optical potentials and that include the
deuteron D-state. We derive formal expressions and cal-
culate the nonlocal deuteron channel potential UdA and
the corresponding d − A distorted waves. The effects
on (d, p) cross sections are discussed and compared with
those obtained from the earlier, approximate lowest-order
local model. Our key findings, applied to a 26Al target,
were presented in Ref. [16] and focused on the sensitiv-
ity of 〈Tnp〉V and the corresponding (d, p) cross sections
to high n − p momenta, which is different between NN
models. It was shown that, in some cases, cross sections
can change significantly with different choices of deuteron
wave function, and that these changes correlate with the
D-state component. Here, we present full details of the
model calculations and extend the model’s application
to include 40Ca and 28Si targets. For 28Si we explore
a range of neutron separation energies and different or-
bital angular momentum transfers. We restrict ourselves
to low-energy (d, p) reactions, relevant to ISOL facilities,
where spin-orbit terms of the nucleon optical potentials
and finite-range effects of the transition interaction can
be neglected, allowing a clearer evaluation of the D-state
effects.
In Sec. II we review the role of the D-state on the d−A
distorted wave and cross sections within the standard (lo-
cal) ADWA and in the DWBA with the Watanabe folding
model d − A potential. In Sec. III we then present the
formalism for the nonlocal deuteron adiabatic potential.
In Sec. IV we compare the present results, made in a
lowest-order approximation, to those obtained in the lo-
cal model proposed in Refs. [8, 9]. In Sec. V we present
the present exact calculations for several targets, focus-
ing on how D-state effects evolve with the separation
energy and orbital angular momentum of the transferred
neutron. Implications for extracted spectroscopic factors
are discussed for a specific reaction of astrophysical in-
terest, on a 26Al target. Conclusions are drawn in Sec.
VI. Other relevant details are presented in an Appendix.
II. D-STATE IN ADWA WITH LOCAL
NUCLEON OPTICAL POTENTIALS
Before presenting our nonlocal potential plus D-state
(d, p) model we comment on D-state contributions to
standard local ADWA calculations. The ADWA includes
deuteron break up effects through a three-body (A+n+p)
description of the deuteron channel. The (d, p) transition
amplitude in the three-body model is
T(d,p) =
√
C2S〈χ(−)p φn|Vnp|Ψ(+)d 〉, (3)
where Ψ
(+)
d (R, r) is the deuteron channel three-body
wave function, R is the vector separation of the deuteron
and the target, r the neutron-proton separation and
Vnp is the neutron-proton interaction in the deuteron.
Following the convention used in Ref. [9], we define
r = rn − rp and R = −(rn + rp)/2 where rn and rp
are the positions of the incident neutron and proton rel-
ative to the mass A target. Thus, with this convention,
rn = r/2 −R and rp = −r/2 −R. In the final state,
the proton channel distorted wave χ
(−)
p is a function of
Rp, the position of the outgoing proton relative to the
product nucleus B(= A+n). φn is the normalised bound-
state wave function of the transferred neutron in the final
state (more generally, the neutron overlap function) and
C2S is its spectroscopic factor.
The ADWA makes use of a Weinberg states expansion
of Ψ
(+)
d [2], valid for r values within the range of Vnp, as
required to evaluate T(d,p). It was shown [17] that with
this basis, the transition amplitude converges rapidly
and only the first Weinberg state needs to be retained.
With this approximation Ψ
(+)
d (R, r) → χ(+)d (R)φ0(r)
and T(d,p) in the ADWA is
T(d,p) =
√
C2S〈χ(−)p φn|Vnp|χ(+)d φ0〉, (4)
where χ
(+)
d (R) describes the center-of-mass distortion of
the incident np-pair in the presence of deuteron breakup
effects. When the nucleon-target potentials UNA (N =
n, p) are local, χ
(+)
d (R) is calculated from the adiabatic
distorting potential
UdA = 〈φ1|UpA(−r/2−R) + UnA(r/2−R)|φ0〉. (5)
3Because of the short range of φ1, of Eq. (2), the main
contributions in Eq. (5) come from values r ≈ 0. Letting
r → 0 connects the Weinberg states technique and the
earlier Johnson-Soper adiabatic formalism where, assum-
ing a zero-range Vnp, U
JS
dA(R) = UnA(R) + UpA(R) [18]
and, in which limit, the adiabatic potential is seen to
be independent of details of the assumed deuteron wave
function. As is now shown, full calculations of the central
terms of UdA of Eq. (5), with different realistic deuteron
wave functions and local nucleon-target interactions, give
very similar results and show essentially no sensitivity to
the D-state.
Below we show UdA for the deuteron wave function of
the Argonne V18 (AV18) NN interaction [19], with both
S- and D-state components. In the presence of the D-
state, we write the deuteron ground state wave function
φMd0 , with angular momentum projection Md, as
φMd0 (r) =
∑
ldλdσd
(ldλdsdσd|JdMd)uld(r)
r
Y λdld (rˆ)χ
σd
sd ,
(6)
with ldλd, sdσd the orbital and spin angular momenta
and their projections coupled to Jd (= 1), χ is the np
spinor and the uld(r) are the deuteron S- and D-state
radial wave functions. The vertex function Vnpφ
Md
0 has
an identical form but with the uld(r) replaced by short-
ranged radial vertex functions vld(r).
The calculated adiabatic potential UdA for the d−40Ca
system at Ed = 10 MeV, using the Chapel Hill 89 (CH89)
phenomenological local optical potential for the UNA
[20], is shown in Fig. 1a. For comparison, the UdA cal-
culated using the S-state Hulthe´n wave function is also
shown. The two potentials are very similar, as are the
corresponding 40Ca(d, p)41Ca cross sections, presented in
Fig. 1b. All of the NN potential models used in Ref.
[16] lead to this same conclusion. We add that there
is also negligible D-state sensitivity in the central terms
of the deuteron-target interaction and the transfer reac-
tion cross sections in the no-breakup limit of the d − A
scattering - the Watanabe folding model [21] - when the
distorting potential is
UWatdA = 〈φ0|UpA(−r/2−R) + UnA(r/2−R)|φ0〉. (7)
The calculated Watanabe potentials are also shown in
Fig. 1a for both the Hulthe´n and AV18 cases. The D-
state and NN-model insensitivity of the corresponding
(DWBA) cross sections is shown in Fig. 1b.
In the cross section calculations above, and through-
out this paper, we use the zero-range approximation,
D(r) = 〈r|Vnp|φ0〉 ≈ D0δ(r) to the transition interac-
tion when calculating T(d,p). The volume integralsD0 are
determined for each NN model, and are given in Table
I for the models used here. The zero-range approxima-
tion to T(d,p) is very accurate for reactions of low energy
deuteron beams, where finite-range corrections are small,
e.g. [22]. Hence, we compute the transition amplitudes
T(d,p) = D0
√
C2S〈χ(−)p φn|χ(+)d 〉. (8)
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FIG. 1. (a) Adiabatic and Watanabe potentials for d−40Ca
at Ed = 10 MeV, and (b)
40Ca(d, p)41Ca differential cross sec-
tions for Ed = 10 MeV, using the Chapel Hill 89 phenomeno-
logical local optical potential for two NN potential models: (i)
the central Hulthe´n potential with an S-state deuteron (dots)
and (ii) the realistic AV18 potential and deuteron with both
the S- and D-states (solid lines).
In the following we calculate T(d,p) when both χ
(−)
p and
χ
(+)
d are generated by nonlocal potential models - the
latter including realistic deuteron wave functions and D-
state effects through the adiabatic model entrance chan-
nel effective interaction.
III. THE NONLOCAL SCATTERING PROBLEM
In this section we describe the computations of the dis-
torted waves χ
(−)
p and χ
(+)
d for the ADWA calculations
in the nonlocal model case. They satisfy the inhomoge-
neous Schro¨dinger-like equation, with α = p or d,
(Tα + Uc(R)− E)χα(R) =
−
∫
dR′ Uα(R,R′) χα(R′), (9)
where E, Tα and Uc are the center of mass energy, kinetic
energy operator and Coulomb interaction and Uα(R,R′)
4is the nonlocal nuclear potential in channel α. Through-
out this work we adopt an energy-independent Perey-
Buck parameterization of the nonlocal nucleon-target po-
tentials. Equation (9) is solved iteratively, following par-
tial wave decomposition, from a trial complex and local
starting potential Uα(R), namely
(Tα + Uα(R) + Uc(R)− E)χ(i+1)α (R) =
−
∫
dR′
[Uα(R,R′)− Uα(R)δ(R −R′)]χ(i)α (R′)
with χ(0)α the solution of the homogeneous equation with
the appropriate scattering boundary conditions. Our
treatment of the proton and deuteron channel nonlocal
potentials is described in detail below.
A. Proton Channel
The nonlocal interaction in the proton channel de-
scribes the motion of the outgoing proton with respect
the resultant nucleus B(= A+n). This is of Perey-Buck
type, i.e.
UpA(Rp,R′p) = H(|Rp −R′p|)UpA
( |Rp +R′p|
2
)
, (10)
with H a normalized Gaussian (in 3 dimensions) with a
range β,
H(x) = (
√
piβ)−3 exp(−x2/β2). (11)
The potential form factors UNA are complex with conven-
tional Woods-Saxon real parts and surface-peaked deriva-
tive Woods-Saxon imaginary parts. This nonlocal inter-
action is used directly in the source term of the inho-
mogeneous equation, Eq. (9). Thus, the proton channel
partial wave functions χJL, with J = L + sp, sp = 1/2,
satisfy
(
T
(L)
p + Uc(Rp)− Ep
)
χJL(Rp) =
−Rp
∫∞
0 dR
′
p R
′
p U (p)L (Rp, R′p)χJL(R′p) (12)
with
T (L)α = −
~
2
2mα
[
d2
dR2α
− L(L+ 1)
R2α
]
(13)
and mα is the reduced mass in channel α. The potential
kernel is
U (p)L (Rp, R′p) = 2pi
∫ 1
−1
dµ PL(µ)H(|Rp −R′p|)
× UpA
( |Rp +R′p|
2
)
, (14)
where µ = Rp ·R′p/RpR′p and PL is the Legendre poly-
nomial of order L. With the neglect of spin-orbit interac-
tions, as assumed here, the J = L±1/2 channel distorted
waves are of course identical.
In all of the nonlocal ADWA calculations presented,
the exact solutions of Eq. (12) are read into the transfer
reactions code twofnr [23]. Comparisons between such
exact solutions and those from a phase-equivalent model
can be found in Ref. [6].
B. Deuteron Channel
The nonlocal deuteron channel potential UdA(R,R′)
is constructed using nonlocal nucleon-target optical po-
tentials with the Perey-Buck form of Eq. (10). The for-
mal expression for the Johnson-Tandy adiabatic model
potential UdA(R,R′) in terms of the nucleon potentials
UNA(RN ,R′N ) is given by Eq. (12) of Ref. [9] - a folding-
type integral where the arguments of the nucleon optical
potentials are reexpressed in terms of the deuteron chan-
nel variables R, R′ and r. Here, we take the target mass
A to be infinitely large in the more general expression
of Ref.[9]. The partial wave form of UdA(R,R′) is more
complicated when the D-state is present and the required
expansion is most easily achieved by use of the variables
R and S = R −R′. We obtain
UMdM ′ddA (R,S) = 8H(2S)
∫
dxφ∗Md1 (x− 2S)
×
[
UnA(
x
2
−R) + UpA(x
2
−R)
]
φ
M ′
d
0 (x), (15)
where Md,M
′
d are the projections of the intrinsic angu-
lar momentum Jd (=1) of the deuteron referred to the
incident beam direction.
We multipole expand the vertex function φ1 and the
nonlocal nucleon-target potential formfactors in terms of
the vectors x, S and R, and separate their radial and
angular components. After summation over angular mo-
mentum projections, UdA is the operator in deuteron spin
space
UdA(R,S) = 4pi
∑
l1l2a
val1l2(R,S)
∑
α
(−1)a−αTa−α
×
[
Yl1(Rˆ)⊗ Yl2(Sˆ)
]
aα
, (16)
where Tkq is the irreducible tensor operator of rank k in
the space of spin Jd with matrix elements
〈JdMd|Tkq |JdM ′d〉 = kˆ(JdM ′dkq|JdMd).
The functions val1l2 contain all information on the
deuteron wave function and nonlocal potential form fac-
tors, details of which are presented in an Appendix. Fur-
ther expansion of val1l2 and Yl2(Sˆ), now with respect to
R and R′, then derives the required (radial variables)
kernel of UdA,
5UJL′L′′(R,R′) = 2pi
∑
al1l2
∑
LL
′
τ+η=l2
aˆ2Jˆd lˆ1 lˆ2Lˆ2Lˆ′
[
(2l2 + 1)!
(2τ)!(2η)!
] 1
2
(τ0L0|L′0)(η0L0|L′′0)(l10L′0|L′0)W (L′Ll2η; τL′′)
×W (L′′L′al1; l2L′)W (L′aJJd;L′′Jd)RτR′η
∫ 1
−1
val1l2
(
R,
∣∣R −R′∣∣)∣∣R−R′∣∣l2 PL(µ) dµ. (17)
Here, in standard notations, xˆ =
√
2x+ 1, W is the
Racah coefficient and µ = R · R′/RR′. These nonlocal
kernels, UJL′L′′(R,R′), enter the Schro¨dinger-like equa-
tion for the deuteron distorted waves χJL′L(R) for total
angular momentum J . Explicitly,
(T
(L′)
d + Uc(R)− Ed)χJL′L(R)
= −R
∑
L′′
∫ ∞
0
dR′R′ UJL′L′′(R,R′)χJL′′L(R′) (18)
where T
(L′)
d is given by Eq. (13).
The central terms of UdA, corresponding to a = 0,
are of course diagonal in the orbital angular momentum
quantum number and
UJL′L′′(R,R′) = 2piδL′L′′
∑
lLL′
τ+η=l
Lˆ2Lˆ′ lˆ
Lˆ′
2
[
(2l + 1)!
(2τ)!(2η)!
] 1
2
×(τ0L0|L′0)(η0L0|L′0)(l0L′0|L′0)W (L′Llη; τL′)
×RτR′η
∫ 1
−1
v0ll
(
R,
∣∣R−R′∣∣)∣∣R−R′∣∣l PL(µ) dµ. (19)
The smaller potential terms with a = 2, of tensor char-
acter, arise only when the deuteron D-state is included.
IV. LOWEST-ORDER APPROXIMATION TO
THE NONLOCAL MODEL
Before calculating these UdA exactly, we investigate
the potential calculated in an approximation, called the
lowest-order (LO) limit. Here, due to the short range of
φ1 in the folding integral, Eq. (15), we replace
UNA(|x/2−R|)→ UNA(R) (20)
as was also used in [8, 9], there assuming an S-wave
deuteron. This limit calculates the leading-order contri-
butions to the potential and the (d, p) cross section and
provides insight into the nature of the derived entrance
channel interaction. It was shown previously [9], in this
limit and within the local-energy approximation (LEA),
that the adiabatic potential is local and that this local
potential, U locdA , solves the transcendental equation
U locdA =M0Ud(R) exp
[
−mdβ
2
d
2~2
(Ed − U locdA − Uc)
]
, (21)
where md is the deuteron channel reduced mass, βd is
the effective deuteron nonlocality range [9] andM0 is the
zeroth-order moment of the nonlocality factor
M0 =
∫
ds
∫
dxH(s)φ1(x− s)φ0(x). (22)
In Eq. (21) and below, Ud(R) = UnA(R) + UpA(R).
Further, it was shown, for Z = N nuclei, that U locdA
can be constructed from phenomenological local nucleon
optical potentials that describe elastic scattering at an
energy shifted by ∆E from the usually assumed value,
Ed/2, of half the incident deuteron energy. ThroughM0,
this shift ∆E is determined by 〈Tnp〉V of Eq. (1). Here,
we find that Eq. (21) and its shifted-energy solution re-
main valid when a deuteron D-state is present. However,
the values of 〈Tnp〉V , M0 and ∆E are strongly affected
by the presence of the D-state component. For example,
Table I shows that the ∆E values for the neutron, from
NN models with a D-state component, typically span an
interval from 38–75 MeV, significantly larger than the
∆E of 32 MeV from the S-wave Hulthe´n NN model.
NN Model PD D0 〈 Tnp〉V ∆E
% MeV fm
3
2 MeV MeV
Hulthe´n 0 −126.15 106.6 31.7
Reid soft core 6.46 −125.19 245.8 75.3
Argonne V18 5.76 −126.11 218.0 66.8
CD-Bonn 4.85 −126.22 112.5 37.6
TABLE I. D-state percentages PD, volume integrals D0 of
the transfer vertex D(r), and short-ranged n-p kinetic en-
ergy 〈 Tnp〉V for different NN-model interactions used here.
The neutron energy shifts ∆E are calculated for the d+40Ca
system at Ed = 11.8 MeV and are computed using the lowest-
order methodology discussed here. The proton energy shifts
are larger by the Coulomb energy, ≈6.8 MeV for 40Ca + p
scattering. Details can be found in sections IV.A and IV.B of
Ref. [9].
Below we will present, as typical, calculations for the
phenomenological AV18 NN potential. The other NN
potentials studied, see Table I and also Table I of Ref.
[16], give both larger and smaller ∆E. We note also that,
if we include only the S-wave part of the AV18 wave
function, then the values of both M0 and ∆E are very
similar to those of the Hulthe´n wave function. Thus,
the primary difference between the AV18 and Hulthe´n
model results arises from the D-state component of the
wave function.
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FIG. 2. (a) Trivially-equivalent local adiabatic potentials for
d−40Ca, and (b) the 40Ca(d, p)41Ca differential cross sections
obtained from full (solid lines) and lowest-order (dashed lines)
calculations at Ed = 11.8 MeV. Calculations assume the S-
wave Hulthe´n potential (blue) and the more realistic AV18
NN potential with both S- and D-states (black). These are
compared to the lowest-order TJ results for the same NN
potentials. For the Hulthe´n potential, the TJ cross sections
in next-to-leading order are also shown by the dashed-dotted
(magenta) curve.
In the LO limit, the nonlocal potential of Eq. (16)
simplifies to
U (LO)dA (R,S) =
√
4piUd(R)
∑
aα
νa(S)(−1)a−αTa−αY αa (Sˆ),
where
νa(S) = 8H(2S)
Jˆd
aˆ
∑
ldl′d
lˆ′dW (aldJdsd; l
′
dJd)
×
∫ ∞
0
dxx υ˜
(ld)
l′
d
a (x, 2S)ul′d(x). (23)
The central terms (a = 0) of this LO nonlocal potential
are diagonal in L with UJLL′(R,R′) = UJL(R,R′)δLL′ , and
UJL(R,R′) = 2piUd(R)
∫ 1
−1
ν0
(∣∣R−R′∣∣)PL(µ) dµ.
We have solved the Schro¨dinger equation for the dis-
torted waves χL(R) in this limit and then constructed
the trivially-equivalent local potentials (TELPs)
UTELP(R) =
R
∫
dR′R′ UL(R,R′)χL(R′)
χL(R)
(24)
which can be compared with the lowest-order adiabatic
potentials of the approximation used by Timofeyuk and
Johnson (TJ) in Ref. [9]. This comparison, for the
d−40Ca system at Ed = 11.8 MeV, is shown in Fig. 2.
In these and all subsequent calculations we use the non-
local nucleon-nucleus potential parameterization of Gi-
annini and Ricco [24], that we denote GR76. We find
that the calculated TELP are essentially independent of
L and differ from U locdA by no more than 1% and 2% for
the AV18 and Hulthe´n potentials, respectively. This con-
firms that, in leading order, the adiabatic potentials can
also be obtained from local nucleon potentials by apply-
ing an appropriate energy shift. Since this shift is larger
when the deuteron D-state is included, being 67 MeV
for AV18, compared to 32 MeV for the Hulthe´n case,
the adiabatic optical potentials should be shallower - as
confirmed by the direct calculations shown in Fig. 2a.
The cross sections for the 40Ca(d, p)41Ca reaction using
U (LO)dA , shown in Fig. 2b, are also very close to those ob-
tained with U locdA of the TJ approach, given by Eq. (21).
Including the D-state is seen to increase the computed
(d, p) cross sections.
We note that, by making only the LO approximation
of Eq. (20) to the full expression for UdA (of Eq. (15))
we take into account all corrections beyond the LEA in
the TJ derivation of U locdA . However, as was shown in
[9], the first-order correction to the LEA involves the
fourth power of the (small) nonlocality range parameter
β, suggesting this and higher order corrections will be
negligible. This expectation is indeed confirmed by our
comparisons of U locdA with the exact LO results in Fig. 2.
V. RESULTS FROM FULL NONLOCAL
CALCULATIONS
We now present the results of calculations that
compute the exact solutions of the nonlocal integro-
differential problem, as given by Eqs. (17) and (18).
We note that such solutions could also be approached by
systematic development of the higher-order corrections
to the LO model of the previous section. For example,
for the pure S-state deuteron case, the next-to-leading
order (NLO) corrections were discussed above and in
Ref. [8] and, for the Hulthe´n wave function and the
40Ca(d, p)41Ca reaction we have shown that these dif-
fer from the exact calculations by ≈3%, see Fig. 2b.
However, no such systematic development has yet been
carried out when the D-state is present.
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FIG. 3. The Ed = 11.8 MeV, d−
40Ca distorted waves in
L = 0 (a, b) and L = 4 (c, d) partial waves, calculated using
the AV18 (a, c) and Hulthe´n (b, d) NN model potentials. The
exact nonlocal calculations are shown by the solid lines while
the approximate, lowest-order (LO) calculations are shown as
dashed lines.
A. Adiabatic distorted waves and tensor force
effects
The magnitude of the beyond-LO effects in the exact
calculations when the deuteron D-state is present are as-
sessed in Fig. 3. The deuteron channel partial waves for
L = 0 and L = 4 are shown for both the Hulthe´n and
AV18 NN potentials. We note that the wave functions
of the full calculations are smaller than the LO results in
the nuclear interior, as could be described by a Perey ef-
fect. The oscillations of the wave functions obtained with
AV18 are also more pronounced, indicative of a reduced
deuteron channel absorption. The TELPs deduced from
these wave functions are presented in Fig. 2a showing
a complicated dependence of their depths and surface
diffuseness on both the NN interaction model and the
presence of higher-order terms in the presence of the D-
state.
These wave functions and TELPs from the exact cal-
culations include the small contributions from the a = 2
(rank-2 spin-tensor) terms of UdA, that generate off-
diagonal contributions to the nonlocal potential kernels
UJL′L(R,R′) and the associated deuteron channel partial
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FIG. 4. Difference between the 40Ca(d, p)41Ca differential
cross sections, for Ed = 11.8 MeV, calculated with only the
central terms (a = 0) and with the full (a = 0, 2) nonlocal
adiabatic potential that includes the D-state generated ten-
sor terms (solid line). The corresponding leading order (LO)
potential results are shown by the dashed line.
wave S-matrices SJL′L. The latter have maximum val-
ues of order 10−2 in the cases studied here. These ten-
sor force effects are included fully in the exact distorted
wave functions input to the transfer reaction calcula-
tions. The importance of these terms, for low energy
(d, p) reaction cross sections was assessed by comparing
calculations that include and neglect the a = 2 contribu-
tions to the adiabatic potential. This difference, for the
40Ca(d, p)41Ca cross sections, in Fig. 4, is less then 50
µb/sr and represents a change in the calculated differen-
tial cross sections of 0.6% or less. Thus, the tensor force
effects in the nonlocal UdA, arising from the deuteron
D-state, are insignificant for cross-section-based nuclear
spectroscopy and astrophysical studies.
B. D-state effect on cross sections: transferred
orbital angular momentum and separation energy
dependence
All calculations above were for the 40Ca(d, p)41Ca(g.s)
reaction, carried out in zero-range approximation. The
single-particle bound state wave function of the trans-
ferred 1f7/2 neutron was obtained in the standard poten-
tial model description, the Woods-Saxon binding poten-
tial having a radius parameter r0 = 1.25 fm, diffuseness
a0 = 0.65 fm and spin-orbit depth VSO = 6 MeV. Anal-
ogous calculations for the 26Al(d, p)27Al reaction, popu-
lating several final states, were presented in Ref. [16]. As
noted there, the magnitude of the cross section changes
when using realistic deuteron wave functions, with a D-
state, depends on the details for the final state of the
transferred neutron. We now discuss a more systematic
study of this observed sensitivity.
As an example we use the 28Si(d, p)29Si reaction at
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FIG. 5. The 28Si(d, p)29Si(g.s.) reaction differential cross
sections, at Ed = 10 MeV, obtained using the UdA calculated
with the S-state Hulthe´n and S+D-state AV18 deuteron wave
functions.
Ed = 10 MeV,
29Si having a rich excitation spectrum
with low-lying states from several single-particle orbitals.
We perform calculations using the GR76 nonlocal nu-
cleon optical potentials and the binding potential geome-
try stated above. Fig. 5 shows the predicted 29Si ground-
state (Jpi = 1/2+) differential cross section calculated in
the S-state Hulthe´n and AV18 deuteron cases. The D-
state is seen to lead not only to an enhanced cross section
in the forward peak but also to a modified angular distri-
bution at larger angles. So, changes are complex and not
simply a scaling and comparisons with data may depend
sensitively on the available range of measured angles.
To explore this cross section D-state sensitivity fur-
ther, plus its dependence on the neutron separation en-
ergy, we have performed a series of calculations with both
the Hulthe´n and AV18 wave functions. As above, these
are for the 28Si(d, p)29Si reaction at 10 MeV. Here we
have varied the assumed neutron separation energy be-
tween 1 to 21 MeV for four assumed transitions of dif-
ferent orbital angular momentum, namely: 2s 1
2
(l = 0),
2p 3
2
(l = 1), 1d 3
2
(l = 2) and 1f 7
2
(l = 3). The fractional
changes (as %) in the differential cross sections (at their
first peak) of calculations with the Hulthe´n and AV18
deuteron wave functions are shown in Fig. 6. These ra-
tios depend on the neutron separation energy showing
that inclusion of the D-state can result in cross section
changes of up to 30%. The cross section changes for an-
other (fixed) center-of- mass angle are also presented (see
caption to Fig. 6) showing that the cross section shapes
may also change and that the peak value ratios may not
represent an simple overall scaling. In all cases the de-
pendence on the neutron separation energy is significant
and changes can reach values of around 50%. Such dif-
ferences would certainly affect the interpretation of the
experimental data in terms of a deduced spectroscopic
strength.
C. Uncertainty of spectroscopic information
extracted from (d,p) reactions: 26Al(d, p)27Al(7806
keV) case.
To illustrate how including the D-state in the non-
local adiabatic model can affect the spectroscopic fac-
tors extracted from (d, p) reactions, we present calcula-
tions of the 26Al(d, p)27Al∗(7806 keV) reaction. The re-
action populates the mirror of an astrophysically impor-
tant state in 27Si, relevant to the destruction of 26Al in
Wolf-Rayet and Asymptotic Giant Branch stars [25, 26].
The differential cross section for this transition is an (in-
coherent) combination of l = 0 and l = 2 single-particle
transfers; however, only the l = 0 part is important for
characterizing the low-energy 26Al + p resonance in the
27Si mirror. Spectroscopic factors of Sl=0=9.3(19)×10−3
and Sl=2=6.8(14)×10−2 were deduced in Ref. [25] from
new high-precision data using an analysis that used the
ADWA and local global nucleon optical potentials [27].
These calculated cross sections (black curves) and the
experimental data are shown in Fig. 7. The figure also
shows the cross sections obtained from the present non-
local adiabatic model for two choices of NN potential,
the pure S-state Hulthe´n and the more realistic AV18
potential. All of the calculated l = 0 and l = 2 transfer
contributions have been scaled using the spectroscopic
factors of Ref. [25] above. The nonlocal model calcu-
lations use the same geometries for the neutron bound
states potentials as in Ref. [25], with radius parameters
r0 = 1.159 fm and 1.263 fm for the l = 0 and l = 2 states,
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FIG. 6. Fractional changes (as %) in the differential cross
sections (at their first peak) of calculations with the Hulthe´n
and AV18 deuteron wave functions (closed circles and solid
lines). Results are for the 28Si(d, p)29Si reaction. The changes
are shown as functions of the assumed separation energy of
the transferred neutron with orbital angular momenta l =
0, 1, 2, 3. The changes in the same cross sections, but at a fixed
center-of-mass angle, are also shown (open circles connected
by dashed lines). The fixed angles used were 0, 16, 31 and 44
degrees for l = 0, 1, 2, 3, respectively.
9TABLE II. Deduced spectroscopic factors for the 26Al(d, p)27Al(7806 keV) reaction from the nonlocal adiabatic potential
analyses using different NN potential models. The nonlocal model spectroscopic factors were deduced so as to reproduce the
local adiabatic model calculations of Ref. [25], the solid black line in Fig. 7.
Work of Ref. [25] Present work
Hulthe´n AV18 CD-Bonn RSC
Sl=0 9.3(19)×10
−3 8.6(1)×10−3 8.2(2)×10−3 9.0(3)×10−3 8.2(2)×10−3
Sl=2 6.8(14)×10
−2 5.8(2)×10−2 3.3(2)×10−2 4.5(4)×10−2 2.8(2)×10−2
Sl=0/Sl=2 0.14 0.15(1) 0.25(2) 0.20(2) 0.29(2)
respectively, diffuseness a0 = 0.7 fm and a spin-orbit po-
tential depth VSO = 6 MeV.
The summed l = 0 and l = 2 partial cross sections are
larger than the experimental data and the earlier local-
model calculations and hence the deduced spectroscopic
factors from the nonlocal model are smaller. The revised
spectroscopic factors from the present nonlocal analyses,
fitted so as to reproduce the angular distribution from
the local analysis (the black solid curve) are shown in
Table II. The errors shown for the nonlocal calculations
are those associated with this fit of the different theo-
retical calculations and do not include the uncertainties
associated with the fitting to the data points, shown for
the local-model analysis. The spectroscopic factors ob-
tained from analyses using the CD-Bonn [28] and Reid
Soft Core (RSC) [29] NN potentials are also tabulated.
It was shown in Ref. [16] that these CDB and RSC
cross sections essentially provide upper and lower bounds
to those calculated with the other NN potentials stud-
ied there. One notes that the revised Sl=0 are reduced
by up to 12% from those of the local potential analy-
sis [25]. Moreover, while the Sl=2 obtained with the S-
state Hulthe´n potential are similar, the reduction can be
greater depending on the NN potential choice. Overall,
we find this choice introduces an ≈60% uncertainty in
the deduced Sl=2, which is significantly larger than the
quoted experimental uncertainties. While important for
considerations of the structure of 27Al, this uncertainty
does not affect the main conclusion of Ref. [25] - that the
26Al(p, γ)27Si capture and 26Al destruction mechanism in
novae is dominated by the l = 0 channel.
VI. CONCLUSIONS
We have extended the nonlocal adiabatic model of
A(d, p)B reactions to include the deuteron D-state.
Whereas adiabatic model deuteron channel potentials
generated from local nucleon optical potentials are insen-
sitive to the deuteron D-state, the nonlocality of the nu-
cleon optical potentials emphasizes the high-momentum
parts of the deuteron wave functions in which the D-state
component plays an important role. As a result, the (d, p)
cross sections calculated in the nonlocal adiabatic model
are significantly affected by the D-state component.
We have presented exact calculations of the nonlocal
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FIG. 7. Calculated l = 0 (dashed lines) and l = 2 (dot-dashed
lines) differential cross sections and their sums (solid lines) for
the 26Al(d, p)27Al (7806 keV) reaction at 12 MeV. The red
and orange curves result from nonlocal potential analyses us-
ing the Hulthe´n and AV18 NN wave function models. These
calculations have been scaled by the spectroscopic factors de-
duced from the data using the local potential analysis of Ref.
[25], shown by the black lines.
adiabatic model wave functions. To clarify the D-state
dependence we have also performed lowest-order calcu-
lations in which the nonlocal nucleon optical formfac-
tors UNA are evaluated at the n− p center of mass posi-
tion. This approximation is shown to generate the lead-
ing modifications to the (d, p) cross sections and to pro-
vide insight into the physical picture. Namely, it clar-
ifies that the deuteron channel adiabatic potential can
also be generated from local nucleon optical potentials
if these are evaluated at energies that are shifted with
respect to the usually-used value, Ed/2. Inclusion of
the deuteron D-state, through the use of realistic NN
forces and deuteron wave functions, is shown to increase
this energy shift leading to shallower and less absorp-
tive deuteron channel distorting potentials compared to
those calculated using a purely S-state deuteron wave
function. Cross sections calculated using this leading or-
der approximation differ from the exact calculations by
12% and 10% for deuteron wave function models with
and without a D-state, respectively.
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The degree to which the significant D-state effects
upon the central terms of the deuteron channel interac-
tion affect the (d, p) cross section magnitudes and an-
gular distributions depend on the transferred angular
momentum and the neutron separation energy of the fi-
nal state. Our calculations show that they can be as
large as 50% for some cases and, when two values of
lj are allowed by the selection rules, they add ambigu-
ity to the interpretation of experimental data. For ex-
ample, when the 26Al(d, p)27Al reaction populating the
astrophysically-relevant 27Al (7806 keV) state is analyzed
in our nonlocal model, the deduced spectroscopic factors
for both l = 0 and l = 2 transfers are reduced. While
an analysis without the deuteron D-state reduces these
spectroscopic factors by no more than 16%, inclusion of
the D-state results in a dramatic reduction of the ex-
tracted l = 2 spectroscopic strength, by up to a factor of
two. The uncertainty associated with different S + D-
state deuteron ground state wave function models is of
order 60%. By contrast, the effects of spin-tensor poten-
tial terms induced by the deuteron D-state, even when
the nucleon optical potentials are central, are included in
the calculated deuteron channel distorted waves and are
shown to have negligible effects on the calculated (d, p)
cross sections.
Apart from the 26Al(d, p)27Al reaction case, we have
presented D-state results only for the AV18 wave func-
tion. The other NN models studied predict smaller D-
state effects [16], so the present results can be considered
as a reasonable upper limit. Calculations for 26Al using
the CD-Bonn potential give the smallest (d, p) cross sec-
tions of the models studied and could similarly be consid-
ered as a lower limit, but nevertheless show the impor-
tance of the D-state contribution to the spectroscopic
factors obtained.
Finally, the present study has used energy-independent
nonlocal nucleon potentials. Explicit energy-dependence
of the nonlocal nucleon optical potentials, discussed in
Ref. [30], may significantly modify model predictions -
as was shown in Ref. [31] for the case of a purely S-state
deuteron.
Appendix: Multipole expansions
The multipole expansion of the nonlocal deuteron
channel potential UdA in Eq. (16), expressed as a func-
tion of the variables R and S, includes the function
val1l2(R,S) of the radial variables. This is given by the
following expression
val1l2(R,S) = 8H(2S)lˆ1Jˆd
∑
ldl′dk
(l10k0|l′d0)
× lˆ′dkˆ W (al′dl2k; ldl1)W (aldJdsd; l′dJd)
×
∫ ∞
0
dxx υ˜
(ld)
kl2
(x, 2S)U˜l1(x/2, R)ul′d(x). (A.1)
Inspection shows that the angular momentum couplings
in the second Racah coefficient, with Jd = sd = 1 and
ld, l
′
d = 0, 2, restrict the spin tensor terms in UdA of Eq.
(16) to a = 0 (central) and a = 2 (rank-2 tensor) compo-
nents.
In Eq. (A.1), υ˜
(ld)
k1k2
arises from the multipole expan-
sion of the radial components, vld , of the deuteron vertex
function, Vnpφ0, as detailed in and following Eq. (6). Ex-
plicitly,
υ˜
(ld)
k1k2
(x, 2S) =
(−1)k2
2〈φ0|Vnp|φ0〉
∑
e,c+d=ld
eˆ2
[
(2ld + 1)!
(2c)!(2d)!
] 1
2
× (c0e0|k10)(d0e0|k20)W (k1eldd; ck2)
× xc(2S)d
∫ 1
−1
vld (|x− 2S|)
|x− 2S|ld+1
Pe(µ) dµ (A.2)
with µ = x · S/xS.
Finally, the U˜l in Eq. (A.1) are the multipoles of the
sum the proton and neutron nonlocal potential form fac-
tors, i.e. U˜l(x/2, R) = U˜
n
l (x/2, R) + U˜
p
l (x/2, R), where
U˜Nl (x/2, R) =
∫ 1
−1
dµUNA
(∣∣x/2−R∣∣)Pl(µ) (A.3)
with µ = x ·R/xR.
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